The theoretical treatise of the companion paper produced three distinct approaches of increasing complexity. Just as the presented theory is equally applicable to other medical, scientific or engineering applications, so the systematic numerical investigation now reported is relevant to these fields of study. An independently developed finite element analysis (FEA) solution is used to show that the commercial package selected provides critical pressure predictions of a consistent order of magnitude. The FEA sensitivity analysis considers five distinct elements with up to seven alternative strain-energy functions and different combinations of uniaxial, equi-biaxial and pure shear data sets to identify the effect on critical pressure prediction and overall behaviour of a pressurised distensible tube. This represents the most comprehensive comparative study available in the open literature. For a selected strain-energy function the impact of the variation of length to initial radius and wall thickness to initial radius are investigated. Thereafter it is demonstrated that these two ratios rather than actual dimensions are the driving factors behind pressurised tube behaviour.
Introduction
In the previous paper [1] three distinct numerical techniques with differing levels of prediction capability and efficiency were discussed. The limited qualitative results presented, for various strain-energy functions, used the combined uniaxial, equi-biaxial and pure shear stress strain data made available by Treloar [2] and Kawabata et al. [3] . It is rather surprising that no other experimental data set exists in the open literature; where authors have claimed to provide their own data, close examination seems to suggest that the material is not significantly different to that used by Treloar in the 1940s. The semi-analytic, very long thin walled tube approach of Section 3.1 of [1] is useful in providing basic estimates to initiate the more complex membrane analysis outlined in Section 3.2 of [1] . This latter analysis established some confidence in the FEA predictions presented by providing comparable values of critical pressure and 3D tube shapes at different stages of inflation. The FEA sensitivity are then further appreciated through observation of the influence of the element choice made, the strain-energy function selected and the extent of the data sets used.
Organization of paper
In this paper alternative FEA elements, are considered to further establish confidence in this approach. Within the theoretical companion paper [1] , sample FEA was only based on the S4R shell element. In Section 2 different alternative boundary conditions are justified regarding specific applications. In Section 3 reworking of the analysis of Shi & Moita [4] indicates consistency of predictions whether using their particular FEA or the package selected by the authors. Finite element application sensitivity is addressed through variation of the total number of elements and the element distribution utilized, and the impact upon predicted behaviour of the inflated distensible tube. In the in-depth numerical study of Section 4 alternative finite elements are each considered in turn for several strain-energy functions and various combinations of uniaxial, equi-biaxial and pure shear data sets using Treloar [2] and Kawabata et al. [3] experimental measurements. Some of the strain-energy functions applied in medical studies, such as hemodynamic related aneurysm [5] and arterial stenoses [6] , and distensible tubes consist of differing body tissues are either quite distinct [5] or similar to those used in engineering [6, 7] . In Section 5 variation of behaviour through geometric characteristics such as tube length to initial radius and wall thickness to initial radius is explored. Finally predictions based on the small scale tube (consistent with most of the publications cited in the theoretical paper [1] ) are compared. The finite element method is finally applied to a slightly more complex rubber geometry analogous in form and dimension to that of abdominal aorta 3 and its iliac branches. The results are presented and discussed in Section 6. Key observations provide paper closure in Section 7.
Justification of boundary condition selection
The procedure presented in this research is quite general and can be used for different applications.
A parametric analysis on the effect of different boundary conditions, on the predicted value of the pressure, is not carried out because when a particular problem is analysed, appropriate boundary conditions should be selected. For example, in [7] the abdominal aorta is constrained in longitudinal displacement at the upper and lower ends of the aorta due to existence of specific important arteries and organs. In contrast fully clamped conditions are deliberately used in the experimental set up of a wave energy device known to experience aneurysm under certain conditions [8] . In references [9, 10] end conditions are not explicitly stated within the context of the finite element analysis undertaken, but within the experiments used to provide comparing measurements it would appear that fully clamped boundary conditions is the most likely description of the experimental set-up.
Yet another boundary condition is the clamped-rolled FEA model presented in Figure 10 of [1] . The variation of critical pressure in this case is just 1.93% different to the corresponding clampedclamped analysis represented in Figure 9 of [1] . Out of curiosity a comparisons of fully clamped and pinned conditions were compared for different strain-energy function and again the difference in critical pressure varied from 0.02% to 1.52%. With this small apparent differences due to changes in boundary conditions and the large matrix of studies to be undertaken through variation of element selection, strain-energy function choice and data sets combination for calibration of two different materials, no further investigation of boundary conditions will be undertaken in this paper and the mesh sensitivity is carried out assuming both tube ends are fully clamped. As consequence of this decision we will demonstrate later that the length of the tube is not affecting the magnitude of the predicted critical pressure.
Reworking of Shi & Moita problem
Shi & Moita [4] developed their own finite element solution based on a hyper-elastic material with an axisymmetric membrane element. This permits comparison of two distinct FEA, rather than limited finite element comparison for different elements available in a single commercial package.
The length of the tube in [4] is partitioned into an unknown number of elements of two nodes, with the strain-energy function corresponding to an Ogden fitting [11] of all the original Treloar data c N is still used in the total element count for the simplified axisymmetric elements for comparison purposes. For solid elements and shell elements the geometric aspect ratio is approximately unity.
Each mesh refinement consists of the doubling of the number of elements longitudinally and circumferentially. Meshes 1 and 2 are deliberately small to determine whether their associated predictions are radically different to the more extensive meshes. Mesh 3 is considered adequate since this discretization uses approximately twice the elements used in [9, 10] and is comparable with [7] . Mesh 4 represents a more extreme level of discretization. Meshes 5 to 8 are reserved for the solid element, since in this case wall thickness is modelled using two elements. For solid or axisymmetric elements the initial internal and external radius is  int 0 r 9.5mm and
For a shell element the mean initial radius of  0 r 10mm represents the middle plane.
Mesh sensitivity
A three-term Ogden [11] model is used to describe material behaviour. Shi & Moita [4] provide no tabulated values of critical pressure and so numerical values are recovered from their plot of
The critical pressure prediction of critical pressure. In the second case the influence of using slightly different Ogden parameters is demonstrated using the ABAQUS ® software to fit the Treloar data (Appendix A of [1] ) and Ogden's fitting of Treloar data [11] . In the companion paper [1] , and in subsequent studies reported in this paper, we have not used the third-order Ogden fitted parameters [11] , column 3 of Table 1 , since this could adversely affect the comparison predictions based on alternative strain-energy functions. The differences between Table 2 providing critical pressure for the two cited alternative fittings of the Treloar data, using mesh 3. 
A generalized comparative study of critical pressure predictions
Earlier representative pressure predictions against radial stretch [1] and the comparative studies of the previous section have used all three distinct sets of experimental data to determine the parameters of the selected strain-energy function. In this general comparative study the following choices will be collectively explored:
 Influence of Treloar [2] and Kawabata et al. [3] rubber materials.
 Seven distinct combinations of data for a selected material; three individual data sets (where meaningful), three different pairings and one complete data sets.
 Sensitivity to selected strain-energy functions (and variants where meaningful) using parameters fits reported in Appendix A.
 Variation of pressure predictions with three alternative analysis methods; in the case of the finite element approach three different elements (S4R, C3D20H & CAX8H) are investigated.
The tube geometry will initially remain unchanged from that used in Section 2 and illustrated in Figure 1 . Data fitting for the parameters of each strain-energy function will be undertaken using ABAQUS ® software. The initial product of this comparative study is two sets of tabulated data indicating variation of critical pressure with each strain-energy function for each of the 7 possible combinations of data using: (i) the simple long thin-walled tube analysis, (ii) the axisymmetric membrane theory and (iii) the finite element method for each of the three selected element types. Tables B1(a) 
Comparison of different approaches

Comparison of different finite elements
In the companion paper [1] it was observed that only the Yeoh and the third-order Ogden strainenergy function yielded a pressure versus 1  curve that permitted determination of propagation pressure according to the Maxwell equal area rule. In view of the generality of the Ogden model, and its utilization for rubber [4, 12 -18] and medical applications [6, 19, 20, 21] , the third-order
Ogden model is now investigated to highlight the following comparisons:
 Pressure variation with radial stretch parameter for the three selected finite elements using the complete Treloar and Kawabata data sets.
 The shell element will be reworked exploiting geometric symmetry to demonstrate that this slightly faster analysis can produce consistent results irrespective of data sets selected.
 For each complete data set pressure variation with radial stretch parameter is reported for the three particular strain-energy functions that capture the maximum likely extent of pressure variation.
 Maximum variation of critical pressure is then presented for each strain-energy function previously defined [1] for each of the three finite elements selected and for all the seven possible combinations of both the Treloar and Kawabata et al. data sets.
Graphical results for each specific comparison purpose are presented next. For reasons stated earlier mesh 3 is used in all subsequent finite element analyses. Tables B1 & B2 demonstrates that the choice of finite element in the discretisation process is not particularly significant in terms of critical pressure predictions.
Presentation of results
Comparison of parts (c), (d) & (e) of
This tendency is confirmed for each strain energy function and each of the seven possible combinations of experimental data sets.
The most and least computationally expensive elements are the solid and axisymmetric elements.
These elements exhibit excellent agreement in terms of critical pressure and pressure variations with 1
 . The maximum critical pressure difference of 1.59kPa, using these two elements, occurs when using the Marlow strain-energy function with the uniaxial Treloar data (see Table B1 (d) & (e)). The largest discrepancy recorded for all analyses is 1.73kPa. This is associated with the shell and solid elements using a Marlow strain-energy function with Treloar uniaxial data (see Table   B1 (
The axisymmetric element, solid and shell element, have slightly different theoretical assumptions [22] and yet provide consistent predictions for the same physical problem, as illustrated in 
Exploitation of geometric symmetry
Most numerical procedures exploit geometric symmetry to reduce mesh size and hence computational effort.  -values is not repeated.
Comparison of different strain-energy functions
The motivation to examine the impact of the selected strain-energy function upon predicted critical pressure is their role in the simulation of rubber behaviour using the finite element analysis. In general, within the scientific literature, too often only one strain-energy function is used [4, 9, (Table B2 (c)) and 28988.7Pa (Table B2 (e)). The maximum value is now associated with the shell element using the Mooney-Rivlin strain energy function with equi-biaxial data. The minimum value is for the axisymmetric element using the Arruda-Boyce strain-energy function with uniaxial data.
Other key observations are: The uniaxial tension test is the most commonly used method [9, 10] to acquire material behaviour information, although this test has been replaced by equi-biaxial test [12] , as used by Guo [17] , or by uniaxial and pure shear data [15] . Ideally a complete set of experimental data (uniaxial, equibiaxial and pure shear) should be used to capture the intrinsic behaviour of the material. Figures 9 clearly indicate that pressure distribution is significantly affected by data set(s) selected to identify the Yeoh strain-energy parameters. Numerical results presented confirm that combined uniaxial and equi-biaxial experimental data is suitable for critical pressure prediction.
Scaling the model for engineering applications
The distensible tube analysis undertaken previously for fixed values of 20 Table 3 . To widen the scope of the study critical pressure is next investigated for a tube of engineering proportions, mainly: Table 4 is easier to read because the radius is fixed. Critical pressure is constant for different values of tube aspect ratio 0 0 2 r l , in each row of Table 4 . That is, critical pressure is insensitive to the tube length. This result is consistent with Shi & Moita [4] . Column variation of critical pressure is almost linear with variation of thickness. This result is in agreement with [10] . Table 5 In Table 5 the length is fixed, and the numerical values reported are almost the same as those of Table 4 . Essentially in each row the radius is decreasing from left to right, meanwhile wall thickness is increasing down the columns. In a given column the ratio for any two critical pressure values is almost equal to the corresponding ratio of the Table 5 The circled values in Figure 10 represent the underlined values in Table 5 , which correspond to variation in radius for indicated fixed tube length of 600mm and wall thickness of 1.2mm. Explicit variation of critical pressure with radius is provided in Figure 11 , which shows that higher radius values correspond to lower critical pressure values due to 0 0 r t w decreasing, and hence tube stiffness is reducing. 
Analysis of branched tube
The finite element model discussed in the previous sections was of relevance to an existing realistic engineering geometry. The new selected geometry is representative of the abdominal aorta and its iliac branches. Geometric and dimensional details are presented in Figure 14a .
Throughout the wall thickness is considered constant and equal to 0.002m. This value is consistent with data available in the literature [21] . The material properties selected do not reflect human tissue, but the earlier used Treloar rubber presented as uniaxial, equi-biaxial and pure shear data.
Hence, the material does not represent the properties of a blood vessel, but is consistent with previous single tube analysis performed.
Fig. 14. Geometric dimensions of branched distensible tube used in finite element model [25]
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For the finite element simulation a discretization is realized using the quadratic tetrahedral solid element (C3D10H), as illustrated in Figure 14b , with a mixed formulation. The tetrahedral element is analogous to the hexahedral element C3D20H used in previous analyses. The tetrahedral element is preferred in this case to permit an easier automatic mesh generation. The controlling parameter influencing number of tetrahedral elements generated is the maximum allowable tetrahedral edge length presented in Table 6 ; clearly tetrahedral height does not exceed the wall thickness. As boundary conditions all tube ends are treated as fully clamped. This choice is in agreement with medical investigations [21] . Table 6 Mesh sensitivity
The sensitivity of critical pressure predictions to meshing levels within the FEA is reported in Table   6 . This variation of critical pressure also plotted in Figure 15 with rubber data based on a combination of all three Treloar data sets to determine the third order Ogden strain-energy function parameters. Figure 15 suggests that a correct order of magnitude of critical pressure is provided using 7553 elements.
Examination of the sensitivity of critical pressure to the strain-energy functions adopted is summarised in Table 7 for the cited discretization level. For the single distensible tube, Figure 7a indicates that the predicted critical pressure based on the third order Ogden model is the least sensitive to number of data set used. Other strain-energy functions are considerably more sensitive to the number and type of data sets used. Here, Table 7 , based on using all the Treloar data reflects an expected wide variation of predicted critical pressure as a function of strain-energy function selected. It is not our intention to report influence of data sets combination for different strainenergy functions to provide an equivalent figure to Figure 7a . Given our observations concerning smaller variance of critical pressure prediction using third order Ogden, Figure 16 illustrates the change in geometry of a branched distensible tube once aneurysm development is commenced. Ogden N = 1 55243.9Pa
Ogden N = 2 64067.8Pa
Ogden N = 3 62585.4Pa developed from a branched distensible tube which was originally formed from purely cylindrical tubes. This is clearly different to artificially deforming the tube initially and then studying how pressure variation modifies the geometry. With due modesty, this analysis may be considered as a first attempt to formulate and solve the initiation of an aneurysm in a branched tube using FEA with a geometry comparable with an abdominal aorta and its iliac branches.
Conclusion and future work
The results presented allowed the making of the following observations:
 Consistency of finite element prediction is not affected by strain-energy function selected.
 The simple method is more useful as a solution starter for the membrane method.
 There is good consistency between the membrane method and the finite element method with membrane theory being slightly more consistent with the shell finite element analysis.
 Exploiting geometric symmetry does not adversely affect predicted results.
 The range of strain in Kawabata et al. data is smaller than that for the Treloar data, consequently the Kawabata stress-strain curves are simpler in geometric form and hence the fitting of strain-energy functions, irrespective of data selected, has significantly smaller variance.
 The larger range of strain in the Treloar data leads to points of the inflexion in the resulting stress-strain curves and it is this characteristic that appears to be responsible for the significantly larger variance of the critical pressure arising from combining different data sets to fit a selected strain-energy function.
 Engineering expectations would naturally select the maximum strain range possible for each form of data acquisition and having maximized the available data one might select strainenergy functions with a richer number of parameters to capture material behaviour.  For the more complex strain-energy functions dependent on both 1 I and 2 I , pure shear data is not possible and for some data sets or combinations of data sets the data is deemed unstable. For these more complex functions critical pressure values tend to increase (in general, but not always) as the mathematical complexity of the function is increased. All the analyses within this paper and many of the cited references are based on static analysis.
Detailed modelling in most cases will require a complete fluid-structure interaction model to give better insight. Such fluid structure interaction analyses are extremely time-consuming and situation dependent, especially when incompressible materials and fluids are involved. Here it is sufficient to say that the static analysis is a very necessary initial analysis to insure that new ideas and design have reason to be subject to the implied more complex dynamic analysis.
For engineering purposes the single distensible tube has relevance, whereas the branched distensible tube has relevance to both engineering and medical research. I I  and the dependence of these strain-energy functions upon 1 I and 2 I cannot be captured using pure shear data. In other cases parameter values are omitted due to software detected instability during the fitting process. This ABAQUS ® software state of instability is diagnosed using a test finite element to investigate behaviour of stress with changing strain [26] . When very large stress increases occur for very small strain increments numerical instability is declared. 
